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ON CARATHE´ODORY COMPLETENESS IN Cn
ARMEN EDIGARIAN
Abstract. We study c-completeness on domains in Cn. We reprove Sibony/Selby result
on completeness on the complex plane. We also give a characterization of c-completeness in
Reinhardt domains.
1. Introduction
Let X be a complex manifold. Put
cX(z, w) = sup{ρ(f(z), f(w)) : f ∈ O(X,D)},
where ρ denotes the hyperbolic (Poincare´) distance in the unit disc D ⊂ C (see e.g. [7],
Chapter I) and O(X,D) denotes the set of all holomorphic mappings X → D. We call cX the
Carathe´odory pseudodistance (see e.g. [7], Chapter II).
Note that, in general, cX is not a distance (e.g., cCn ≡ 0). We say that a manifold X is
c-hyperbolic if cX is a distance, i.e., for any z, w ∈ X there exists a bounded holomorphic
function f on X such that f(z) 6= f(w). For c-hyperbolic manifold it is natural to study a
subclass of manifolds for which the metric space (X, cX ) is complete. We call this type of
manifolds c-complete. Moreover, we say that a manifold X is c-finitely compact if for any
x0 ∈ X and for any r > 0 we have {x ∈ X : cX(x0, x) < r} ⋐ X. Note that any c-finitely
compact domain is c-complete. Whether the inverse implication holds for domains in Cn is
still an open question.
The following Conjecture is open for more then 30 years
Conjecture 1. Let D ⊂ Cn be a bounded pseudoconvex domain with C∞ boundary. Then D
is c-complete.
In our opinion, one of the main problem is lack of good conjectures, which ”approximate”
to the above one. Our aim is to give such a conjecture and verify it for some class of domains.
First recall the following result, proved by P. Pflug
Theorem 2. Let D ⊂ Cn be a c-hyperbolic domain. Then the following conditions are
equivalent:
(1) D is c-finitely compact;
(2) for any sequence {zn}
∞
n=1 ⊂ D without accumulation points (w.r.t. usual topology in
D) there exists an f ∈ O(D,D) with supn |f(zn)| = 1.
Following Kosin´ski and Zwonek [9], for a domain D ⊂ Cn we say that ζ ∈ ∂D is a weak
peak point if there exists f ∈ O(D) ∩ C(D ∪ {ζ}) such that |f | < 1 on D and f(ζ) = 1.
The main result of the paper is to show
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Theorem 3. Let D ⊂ Cn be a c-hyperbolic pseudoconvex domain. Assume that
• n = 1, or
• D is a Reinhardt domain.
Then the following conditions are equivalent:
(1) D is c-complete.
(2) D is c-finitely compact.
(3) any ζ ∈ ∂D is a weak peak point.
Theorem 3 in case n = 1 is the result proved by N. Sibony [15] and M.A. Selby [14].
However, their proof heavily depends on Melnikov’s theorem (see e.g. [5]) which is used to
show the existence of a specific measure and, in our opinion, are strictly one-dimensional. We
show that the measure one can get from a generalization of Edwards’ theorem.
Note that in Theorem 3 the equivalence (1) ⇐⇒ (2) is well-known. So, our result states
that these conditions are equivalent to condition (3).
The above result suggests that c-finitely compactness is equivalent to the existence of weak
peak functions.
2. Non-compact version of Edwards’ Theorem
This part of the paper is motivated by [6] and we use methods of that paper.
Let X be a topological space and let C(X) (resp. CC(X)) be the set of all real-valued
(resp. complex-valued) continuous functions on X. We say that S ⊂ C(X) is a convex cone
if S contains constant functions and αf + βg ∈ S for any f, g ∈ S and any α, β ≥ 0. Fix
x ∈ X. For any ϕ ∈ C(X) we consider its envelope defined as
Φx(ϕ) = sup{ψ(x) : ψ ∈ S,ψ ≤ ϕ}.
Note that Φx : C(X)→ [−∞,+∞) is a positive superlinear operator, i.e.,
(1) Φx(cϕ) = cΦx(ϕ) for any ϕ ∈ C(X) and any c ≥ 0;
(2) Φx(ϕ1 + ϕ2) ≥ Φx(ϕ1) + Φx(ϕ2) for any ϕ1, ϕ2 ∈ C(X);
(3) Φx(ϕ) ≥ 0 for any ϕ ∈ C(X) such that ϕ ≥ 0.
We have the following result (which follows from a version of Hahn-Banach theorem, see
e.g., [6]).
Theorem 4. Let X be a topological space and let x ∈ X be a fixed point. Assume that
S ⊂ C(X) is a convex cone. Then
Φx(ϕ) = min{L(ϕ) : L is a positive linear operator on C(X), L ≥ Φx}.
There is an extensive literature on the study of positive linear functionals on C(X) (see
e.g., [8], [1], and [12])1. However, we are interested on very special ones, related to compact
spaces. Let X be a normal topological space. We say that X is of GPP -type if for any positive
linear functional Λ : C(X) → R there exists a compact set K ⊂ X such that Λ(ϕ) = 0 for
any ϕ ∈ C(X) with ϕ = 0 on K. According to [6] any locally compact σ-compact Hausdorff
space is of GPP -type. We have another example.
Theorem 5. Let D ⊂ Cn be a domain and let K ⊂ ∂D be a compact set. Then X = D ∪K
is of GPP -type.
1The author is thankful to Piotr Niemiec and Jan Stochel for the references on linear functionals.
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Proof. Take sequences Rm, rm such that Rm > rm > Rm+1 and Rm → 0 (e.g., Rm =
1
3m and
rm =
2
3m+1
). Consider functions χm ∈ C
∞(R) such that 0 ≤ χm ≤ 1 having the following
properties:
χ1(t) =
{
1 t ≥ R1
0 t ≤ r1
and for any m ≥ 2
χm(t) =
{
1−
∑m−1
j=1 χj(t) t ≥ Rm
0 t ≤ rm
.
Note that
∑∞
m=1 χm(t) = 1 for t > 0. Moreover, χm(t) = 0 for t ≥ Rm−1 and t ≤ rm.
Put A1 = {x ∈ X : dist(x,K) ≥ r1} and Am = {x ∈ X : rm ≤ dist(x,K) ≤ Rm−1},
m ≥ 2. Note that Am, m ≥ 2, are (relatively) closed sets in D and that χm(dist(x,K)) = 0
for x ∈ Cn \Am. Moreover, ∪
∞
m=1Am = D. We want to show that for any m ≥ 1 there exists
a compact set Km ⊂ Am with the following property: Λ(ϕ) = 0 whenever ϕ ∈ C(X), ϕ ≥ 0,
and ϕ = 0 on (X \ Am) ∪Km.
Fix m ≥ 1. For any integer j ≥ 1 we put
Kmj = {x ∈ Am : dist(x, ∂D) ≥
1
j
, ‖x‖ ≤ j}.
Note that Kmj are compact sets. We also have ∪
∞
j=1Kmj = Am for any m ≥ 1. Let us
show that there exists a j = j(m) such that Λ(ϕ) = 0 whenever ϕ ∈ C(X), ϕ ≥ 0, ϕ = 0
on (D \ Am) ∪ Kmj . Indeed, assume that for any j ≥ 1 there exists ϕj ∈ C(X) such that
ϕj ≥ 0 on X, ϕj = 0 on (X \ Am) ∪ Kmj , and Λ(ϕj) 6= 0. Without loss of generality we
may assume that Λ(ϕj) = 1. Consider ϕ =
∑∞
j=1 ϕj . Note that ϕ ∈ C(X). Moreover,
Λ(ϕ) ≥
∑N
j=1Λ(ϕj) = N for any N ∈ N. Hence, Λ(ϕ) = +∞. A contradiction.
Consider a set
L = ∪∞j=1Kmj(m) ∪K.
Note that L is a compact set. It suffices to show that Λ(ϕ) = 0 for any ϕ ∈ C(X) such that
ϕ = 0 on L. First let us shot the mentioned property for ϕ ≥ 0. So, fix a function ϕ ∈ C(X)
such that ϕ ≥ 0 and ϕ = 0 on L. Fix ǫ > 0. Since ϕ = 0 on K, there exists a δ > 0 such that
ϕ < ǫ on {z ∈ D : dist(z,K) ≤ δ}. We have
ϕ =
∞∑
m=0
ϕψm =
m0∑
m=0
ϕψm +
∞∑
m=m0+1
ϕψm.
Put ϕ˜ =
∑∞
m=m0+1
ϕψm. For sufficiently big m0 we have ϕ˜ = 0 on {z ∈ D : dist(z,K) > δ}.
And, therefore, 0 ≤ ϕ˜ ≤ ǫ on D. So,
Λ(ϕ) =
m0∑
m=0
Λ(ϕψm) + Λ(ϕ˜) = Λ(ϕ˜) ≤ ǫΛ(1).
Since ǫ > 0 was arbitrary, we get Λ(ϕ) = 0.
If ϕ is not necessary positive, then take ϕ = ϕ+ − ϕ−, where ϕ+ = max{ϕ, 0} and ϕ− =
ϕ+ − ϕ. Then L(ϕ) = L(ϕ+)− L(ϕ−) = 0. 
We need also the following version of the Riesz representation theorem.
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Proposition 6. Let X be a normal topological space and let L : C(X) → R be a positive
linear functional. Assume that there exists a compact set K ⊂ X such that L(ϕ) = 0 whenever
ϕ ∈ C(X), ϕ = 0 on K. Then there exists a Borel finite measure µ with support in K such
that
L(ϕ) =
∫
ϕ(x)dµ(x) for any ϕ ∈ C(X).
Proof. Let us define a positive linear operator L˜ : C(K) → R. Fix ϕ ∈ C(K). From the
normality of X there exists ϕ˜ ∈ C(X) such that ϕ˜ = ϕ on K. We put L˜(ϕ) = L(ϕ˜). Now we
use the classical Riesz representation theorem for the operator L˜ and get µ. 
For each convex cone S and a point x ∈ X we associate two sets:
(1) JSx (X) - the set of all Jensen measures with barycenter at x which consists of all Borel
probability measures µ with compact support such that ψ(x) ≤
∫
ψdµ for any ψ ∈ X;
(2) RSx (X) - the set of all representing measures with barycenter at x which consists of
all Borel probability measures µ with compact support such that ψ(x) =
∫
ψdµ for
any ψ ∈ X;
Note that RSx (X) ⊂ J
S
x (X).
In 1965 Edwards [3] proved the following result:
Theorem 7. Let X be a compact topological space and let S ⊂ C(X) be a convex cone.
Assume that ϕ is a lower semicontinuous function on X. Then
Φx(ϕ) = min
{∫
ϕdµ : µ ∈ JSx (X)
}
.
In 2013 Gogus, Perkins, and Poletsky [6] proved the following non-compact version of
Edwards’ theorem
Theorem 8. Let X be a locally compact σ-compact Hausdorff space and let S ⊂ C(X) be a
convex cone. Assume ϕ be a continuous function on X. Then Φx(ϕ) ≡ −∞ or
Φx(ϕ) = min
{∫
ϕdµ : µ ∈ JSx (X)
}
.
From the above results we get
Theorem 9. Let X be a normal topological space of GPP -type and let S ⊂ C(X) be a convex
cone. If ϕ ∈ C(X) then for any x ∈ X we have Φx(ϕ) = −∞ or
Φx(ϕ) = inf
{∫
ϕdµ : µ ∈ JSx
}
for any x ∈ X.
We have the following important corollary, which is a non-compact counterpart of Theorems
II.11.1 and II.11.3 in [4].
Corollary 10. Let D ⊂ Cn be a domain and let ζ ∈ ∂D. We put X = D ∪ {ζ} and
S = {ℜ(f) : f ∈ A(X)}, where A(X) = H∞(D) ∩ CC(X). Then the following conditions are
equivalent:
(1) RSζ (X) = {δζ};
(2) there exists a function f ∈ A(X) such that f(ζ) = 1 and |f | < 1 on D, i.e., ζ is a
peak point for A(X);
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(3) there exist a c ∈ (0, 1) and an M ≥ 1 such that for any r > 0 there exists an f ∈ A(X)
with
(a) ‖f‖X ≤M ;
(b) f(ζ) = 1;
(c) |f | ≤ c on X \ D(ζ, r).
3. Carathe´odory completeness on the complex plane
Before we state main results of this section, let us recall some notions and results from
one-dimensional analysis.
Let D ⊂ C be a domain and let ζ ∈ ∂D. Recall that if
lim sup
r→0
L(D(ζ, r) \D)
r2
> 0
then ζ is a peak point for A(D) = O(D) ∩ C(D). Here, L denotes the Lebesgue measure
on the complex plane. Essentially, its Curtis’s Criterion and the relation between analytic
capacity and the Lebesgue measure (see e.g. [4], Corollary VIII.4.2).
So, if ζ is not a peak point for A(D) then
(1) lim
r→0
L(D(ζ, r) ∩D)
πr2
= 1.
Let M denotes the set of all positive probability measure in C with compact support and
let µ ∈ M. We define its Newton potential as M(ξ) =
∫
1
|w−ξ|dµ(w). The following result is
a corollary of Fubini’s theorem (see e.g. [16], Lemma 26.16).
Proposition 11. For any ζ ∈ C we have
lim
r→0
1
πr2
∫
D(ζ,r)
|w − ζ| ·M(w)dL(w) = µ({ζ}).
In particular, if µ({ζ}) = 0 then for any ǫ > 0 the set
Π(ǫ) = {w ∈ C : |w − ζ| ·M(w) > ǫ}
has the property
lim
r→0
L(Π(ǫ) ∩ D(ζ, r))
πr2
= 0.
As a Corollary of Proposition 11 and (1) we get the following
Corollary 12. Let D ⊂ C be a domain, let ζ ∈ ∂D, and let µ be a Borel measure with
compact support in D ∪ {ζ} such that µ({ζ}) = 0. Assume that ζ is not a peak point for
A(D). Then
lim
r→0
L(D ∩D(ζ, r) \ Π(ǫ))
πr2
= 1.
The main result of this section is the following.
Theorem 13. Let D ⊂ Cn be a domain. Consider the following conditions:
(1) for any ζ ∈ ∂D there exist no a Borel probability measure µ with compact support in
D ∪ {ζ} such that µ 6= δζ and
|f(ζ)| ≤
∫
D∪{ζ}
|f(w)|dµ(w) for any f ∈ A(D ∪ {ζ}).
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(2) for any ζ ∈ ∂D there exist no a Borel probability measure µ with compact support in
D ∪ {ζ} such that µ 6= δζ and
f(ζ) =
∫
D∪{ζ}
f(w)dµ(w) for any f ∈ A(D ∪ {ζ}).
(3) there exists an f ∈ A(D ∪ {ζ}) such that f(ζ) = 1 and |f | < 1 on D.
(4) D is c-finitely compact.
(5) D is c-complete.
Then (1) =⇒ (2) =⇒ (3) =⇒ (4) =⇒ (5). Moreover, if n = 1 then (5) =⇒ (1) and,
therefore, all the above conditions are equivalent.
Proof of Theorem 13. Note that the implications (1) =⇒ (2) and (3) =⇒ (4) =⇒ (5) are
immediate. The implication (2) =⇒ (3) follows from Corollary 10.
Assume that n = 1. Let us prove (5) =⇒ (1). Assume that there exists a positive
probability measure µ such that µ(D) = 1 and
|f(ζ)| ≤
∫
D
|f |dµ for any f ∈ A(D ∪ {ζ}).
Fix f ∈ A(D ∪ {ζ}). Then there exists a sequence fn ∈ H
∞(D) such that ‖fn‖D ≤ 17‖f‖D,
fn extends to be analytic in a neighborhood of ζ and fn converges uniformly to f on any set
of type D \ D(ζ, ǫ), where ǫ > 0.
For any η ∈ D we put
gn(z) =
fn(z)− fn(η)
z − η
.
Note that gn ∈ H
∞(D ∪ {ζ}). Then
|gn(ζ)| ≤
∫
D
|gn(w)|dµ(w) ≤ 2‖fn‖∞M(η) ≤ 34‖f‖∞M(η)
and, therefore,
|fn(ζ)− fn(η)| ≤ |ζ − η| · 2‖fn‖∞M(η) ≤ |ζ − η| · 34‖f‖∞M(η).
For any η1, η2 ∈ D we have
|f(η1)− f(η2)| ≤ 34‖f‖∞ ·
(
|ζ − η1| ·M(η1) + |ζ − η2| ·M(η2)
)
.
According to Corollary 12 we can take a sequence {ην} such that ην → ζ and |ζ−ην |·M(ην) ≤
1
2ν . Then {ην} is a c-Cauchy sequence. A contradiction. 
4. The Reinhardt domains
A domainD ⊂ Cn is called Reinhardt if (λ1z1, . . . , λnzn) ∈ D for all points z = (z1, . . . , zn) ∈
D and any |λ1| = · · · = |λn| = 1. Let us denote
Vj = {z ∈ C
n : zj = 0}, j = 1, . . . , n.
Recall the following result of W. Zwonek (see [17], Theorem 2).
Theorem 14. Let D be a hyperbolic pseudoconvex Reinhardt domain. Then the following
conditions are equivalent:
(1) D is c-finitely compact;
(2) D is c-complete;
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(3) D is bounded and for any j ∈ {1, . . . , n}
(2) if D ∩ Vj 6= ∅, then D ∩ Vj 6= ∅.
All we have to prove is that condition (3) in Theorem 14 implies that any ζ ∈ ∂D is a weak
peak point. Without loss of generality we may assume that
(i) D ⊂ Dn;
(ii) D ∩ Vj 6= ∅, j = 1, . . . ,m.
(iii) D ∩ Vj = ∅, j = m+ 1, . . . , n.
Fix a boundary point ζ = (ζ1, . . . , ζn) ∈ ∂D. First assume that ζ1 · · · · · ζn 6= 0. Then there
exist ξ1, . . . , ξn ∈ R such that ϕ(z) < ϕ(ζ) for any z ∈ D, where ϕ(z) = |z1|
ξ1 · · · · · |zn|
ξn .
Note that ξ1, . . . , ξm ≥ 0 and that there exists a δ0 > 0 such that for any z ∈ D we have
|zj | ≥ δ0 for j = m+ 1, . . . , n. Without loss of generality we may assume that ξ1, . . . , ξℓ > 0
and ξℓ+1 = · · · = ξm = 0.
Fix a point η ∈ D such that η1 · . . . · ηn 6= 0. Put R =
ϕ(η)
ϕ(ζ) < 1. We want to show that
there exists a sequence gk ∈ O(D) ∩ C(D ∪ {ζ}) such that
(1) ‖gk‖D → 1 when k →∞;
(2) gk(ζ) = 1 for any k ≥ 1;
(3) |gk(η)| ≤ R for any k ≥ 1.
Fix ǫ > 0. There exist β1, . . . , βn ∈ R and q ∈ N, q ≥ 2, such that sign βj = sign ξj and
|qξj − βj | ≤ ǫ for any j = 1, . . . , n.
Put f(z) = zβ11 · · · · · z
βn
n and g(z) =
f(z)
f(ζ) . We have
|f(z)| = ϕ(z)q|z1|
β1−ξ1q · · · · · |zn|
βn−ξnq.
Hence,
|g(z)| =
(
ϕ(z)
ϕ(ζ)
)q
·
(
|z1|
|ζ1|
)β1−ξ1q
· . . . ·
(
|zn|
|ζn|
)βn−ξnq
and, in particular,
|g(z)| ≤
(
|z1|
|ζ1|
)β1−ξ1q
· . . . ·
(
|zn|
|ζn|
)βn−ξnq
.
1o Let us show that |g(η)| < R. Indeed,
|g(η)| ≤ Rq ·
 n∏
j=1
max
{ |ηj |
|ζj|
,
|ζj |
|ηj|
}ǫ .
For sufficiently small ǫ > 0 we have |g(η)| < R.
2o Let us now estimate ‖g‖D . There exists δ1 > such that for any z ∈ Gwith min{|z1|, . . . , |zℓ|} ≤
δ1 we have
|z1|
β1 · . . . · |zn|
βn ≤ ϕ(ζ)q.
Note that
|z1|
β1 · . . . · |zn|
βn ≤ |z1|
β1 · . . . · |zℓ|
βℓ · δ
∑n
j=m+1 βj
0 ≤ δ
qmin{ζ1,...,ζℓ}−ǫ
1 · δ
q
∑n
j=m+1(ζj−
ǫ
q
)
0 .
For sufficiently small δ1 > 0 we have
δ
min{ζ1,...,ζℓ}−
ǫ
2
1 · δ
∑n
j=m+1(ζj−
ǫ
2
)
0 ≤ ϕ(ζ).
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Fix such a δ1 > 0. Take z ∈ D such that min{|z1|, . . . , |zℓ|} ≤ δ1. Then |f(z)| ≤ ϕ(ζ)
q.
Therefore,
|g(z)| ≤
n∏
j=1
|ζj |
qζj−βj ≤
(
1∏n
j=1 |ζj |
)ǫ
.
Take z ∈ D such that |z1|, . . . , |zℓ| ≥ δ1. Then
|g(z)| ≤
 n∏
j=1
max
{ δ1
|ζj|
,
|ζj|
δ1
}ǫ .
All in all, we have ‖g‖D → 1 when ǫ→ 0.
In case, ζ1 · . . . ζn = 0, consider a projection π : C
n → Cn−1. Take D˜ = π(D).
For the construction of a peak function we need the following simple, however, useful result.
Theorem 15. Let Ω ⊂ Cn be a domain and let ζ ∈ ∂Ω, η ∈ Ω, r ∈ [0, 1) be fixed. Assume
that for any ǫ > 0 there exists fǫ ∈ O(Ω) ∩C(Ω ∪ {ζ}) such that
(1) |fǫ| < 1 + ǫ on Ω;
(2) fǫ(ζ) = 1;
(3) |fǫ(η)| < r.
Then there exists F ∈ O(Ω) ∩ C(Ω ∪ {ζ}) such that
(1) |F | < 1 on Ω;
(2) F (ζ) = 1.
It is easy to check
Lemma 16. Let ǫ > 0. Then
ℜ
(
1 + z
1− z
)
>
1
ǫ
⇐⇒ |z −
1
1 + ǫ
| <
ǫ
1 + ǫ
.
Proof of Theorem. Without loss of generality we may assume that r = 0. Indeed, take a
sequence
gǫ(λ) = a(1 + ǫ) ·
fǫ(λ)− fǫ(η)
(1 + ǫ)2 − fǫ(η)fǫ(λ)
,
where
a =
1
1 + ǫ
·
(1 + ǫ)2 − fǫ(η)
1− fǫ(η)
.
Note that gǫ(η) = 0, gǫ(ζ) = 1, and
|gǫ(λ)| ≤ |a| =
∣∣∣∣ 11 + ǫ · (1 + ǫ)2 − fǫ(η)1− fǫ(η)
∣∣∣∣ ≤ 11 + ǫ
(
1 +
2ǫ+ ǫ2
1− r
)
→ 1 when ǫ→ 0.
So, we assume that r = 0. Put ǫk =
1
4k
. Then there exists fk = fǫk ∈ O(Ω) ∩ C(Ω ∪ {ζ})
such that
(1) |fk| < 1 + ǫk on Ω;
(2) fk(ζ) = 1;
(3) fk(η) = 0.
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Put Uk = {z ∈ Ω ∪ {ζ} : |fk(z)− 1| < ǫk} and
h(z) =
∞∑
k=1
1
2k
·
1 + f˜k(z)
1− f˜k(z)
,
where f˜k =
fk
1+ǫk
. Note that ℜh(z) ≥ 1
2k
· ℜ
(
1+f˜k(z)
1−f˜k(z)
)
≥ 2k for z ∈ Uk. Put F =
h−1
h+1 . Then
|F − 1| ≤ 2|h+1| ≤
2
|ℜh+1| ≤
2
2k+1
on Uk. 
Using Sibony’s ideas we show that there exists a domain D ⊂ C2 and a boundary point
such that a weak peak function exists, however, peak function does not exist.
Example 17. Fix an irrational number α > 0. Let D ⊂ C2 be a domain and let (z0, w0) ∈
∂D. Assume that there exists a neighborhood U ⊂ C2 of (z0, w0) such that
D ∩ U = {(z, w) ∈ C2 : |z| · |w|α < 1} ∩ U.
We want to show that there does not exist a holomorphic function f ∈ O(D) ∩ C(D ∪ U)
such that |f | < 1 on D and f(z0, w0) = 1.
Indeed, assume that such a function exists. There exists a neighborhood V ⊂ C of the
origin such that (z0e
−αλ, w0e
λ) ∈ U whenever λ ∈ V . For sufficiently big n ∈ N consider
functions
ψn(λ) = f(z0e
−αλ, (1 −
1
n
)w0e
λ).
Note that ψn : V → D ∩ U is a holomorphic mapping. Hence, there exists a subsequence
{nk} such that ψnk tends locally uniformly on V to a holomorphic mapping ψ : V → C
2. It
is easy to see (use continuity of f) that
ψ(λ) = f(z0e
−αλ, w0e
λ).
So, we get that ψ : V → D ∩ U is a holomorphic mapping such that |ψ| ≤ 1 and ψ(0) = 1.
Hence, ψ ≡ 1. Since α is irrational, we get {(z0e
−αλ, w0e
λ) : λ ∈ V } is dense in a neighborhood
of (z0, w0). From the continuity of f we get that f = 1 on a relatively open subset ∂D
containing (z0, w0). Then a function f(z0, λw0) = 1 on the open subset of the unit circle
containing 1. Hence, f(z0, λw0) = 1 everywhere. A contradiction.
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